Arrays of distinct representatives — a very simple NP-complete problem  by Fon-Der-Flaass, Dmitri G.




Arrays of distinct representatives - -  
NP-complete problem 
Dmitr i  G. Fon-Der-F laass * 
School of Mathematical Sciences, Queen Mary and WestfieM Colleye, Mile End Road, 
London E1 4NS, UK 
Received 19 December 1994 
a very simple 
Abstract 
We prove that the following problem is NP-complete: 
Given an array (Aij), 1 <~i<~n, 1<<.j<<.m of finite sets, does there exist an array of distinct 
representatives (xij) such that xij E A~j, xij ~ xik when j ~ k, xij ~ xkj when i ~ k? 
The problem remains NP-complete even when n = 2, LAijl ~<3, no element appears in more 
than four of the sets Aij, and there exist sets Bg, 1 <~i<~n and Cg, 1 <~i<m such that A~j = B~NCj 
for all i, j .  
In this note, we consider the following problem: 
Array of distinct representatives (ADR). Given an array (Aij), 1 <~i<~n, 1<~j<~m 
of finite sets, does there exist an array of elements (xij) such that 
• Xij E Aij, 
• xij ¢ xik when j ¢ k, 
• Xij ¢ Xkj when i 7~ k? 
It is intuitively clear that the problem should be very hard. For example, the well- 
known and long-standing Diniz conjecture (recently proved in [3] by an amazingly 
simple and beautiful argument; see also [1] for more information) states that this 
problem always has a solution when n = m and IAijl = n for all i, j. 
Another interesting instance of the same problem was communicated to me by Peter 
Cameron. Given a symmetric 2-(v,k, 2)-design cg and its vertex x, let B1 .. . . .  Bv-k be 
all blocks not incident o x, and C1,..., Ck be the complements of the blocks incident 
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to x. Let A~j = Bi A Cj, 1 ~ i~v - k, 1 <~j<<.k. For which designs the array (Aij) so 
constructed has an array of  distinct representatives? 
When n = 1 or m = 1, the problem ADR becomes the well-known polynomially 
solvable problem system of distinct representatives. Here we shall prove that even 
with n = 2 the problem ADR is NP-complete, and remains so under some additional 
severe restrictions. 
Theorem 1. The problem ADR is NP-complete. It rema&s NP-complete even when 
n = 2, [Aij[43, no element appears in more than four of  the sets Aij, and there exist 
sets Bi, 1 ~ i <~ n and Cj, 14 j  <~ m such that Aq = Bi • Cj for all i, j. 
Proof. We shall reduce to ADR the problem 3-SAT [4] which is NP-complete. 
Let a, b, c .. . .  be n Boolean variables, and a', b t, c I . . . .  their negations. Let F be a 
conjunction of m elementary disjunctions, each disjunction containing three variables 
and/or their negations. We may assume that for each variable x, the number of  occur- 
rences of x is the same as of  x t (if not, we may add several disjunctions of the form 
xVxVx ' o rxVx 'Vx ' ) .  
We construct a (2 x 3m)-array (A/j) such that it has an ADR if and only if the 
formula F is satisfiable. 
The columns of the array (Fig. 1) correspond to all occurrences of  the variables in 
F (there are 3m occurrences). Thus, to the ith elememary disjunction will correspond 
the columns 3 i -  2, 3 i -  1, and 3i. 
The first row: 
For a variable x occurring, with negations, 2k times we introduce 2k new elements 
x0 .... ,x2k-1, and put the sets 
{x0, }, {x2, x3 },... ,  {x2k-2, x2k-  } 
in the first row, in places corresponding to occurrences of  x, and the sets 
{x,,x2}, {x3,x4 },..., {x2k-,,x0} 
in places corresponding to occurrences of x t, in arbitrary order. There are exactly two 
ways to choose distinct representatives for the sets 
{X0, Xl }, {Xl, X2 }, • • - , {X2k-2, X2k-I }, {X2k--1, X0 }: 
(x0,xl . . . . .  x2k-1) and (xl . . . . .  x2k-l,x0). The first one will correspond to setting 
x = TRUE, the second one to x = FALSE. 
Thus, to each assignment of truth values to variables corresponds a system of distinct 
representatives for the first row. 
The second row: 
We introduce 2m new elements p l , . . . ,  pm and ql,. . . ,qm. 
Let A2,i = {pri/3],q[i/3],w} where w is an element from Al,i = {xk,xt} with odd 
index (note that exactly one of the indices k, l is odd). 
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F = (a V b' V c)&(a' V b V d~)&(a V c ~ V d)&(a V a I V a ~) 
aoal blbo COCl ala2 bob1 dido a2a3 ClCO dodl a4a5 a3a4 a5ao 
Plql Plql plql  p2q2 P2q2 P2q2 P3q3 P3q3 P3q3 P4q4 P4q4 P4q4 
al bl cl al bl dl a3 cl dl a5 a3 a5 
Fig. 1. An example. 
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It is easy to check that the array (Aij) so constructed satisfies all properties tated 
in the theorem. The first three properties are obvious. As to the last one, array (Aij) 
is of the form (Bi f-) Cj) if and only if each element appears in a rectangular set of 
cells - -  which is so in our case. 
We have already established a bijection between systems of distinct representatives 
for the first row and assignments of truth values to the variables of F. Let a system 
of distinct representatives be given. We shall show that it can be extended to an array 
of distinct representatives if and only if the corresponding truth values satisfy the 
formula F. 
To this end, note that an occurrence of a variable in the formula F is TRUE if and 
only if the element chosen in the first row at the corresponding place has even index. 
If  in each triple of rows corresponding to an elementary disjunction there is at least 
one such element (i.e., the truth values satisfy F)  then, in the second row, we can 
choose in each triple its odd counterpart, and then easily complete the second row. If, 
on the other hand, in some triple there are no such elements (F is not satisfied) then 
it is impossible to complete an ADR in the corresponding three columns. 
The theorem is proved. [] 
We conclude with three remarks. 
Remark 1. As was pointed out by Welsh and Cameron, the problem ADR is poly- 
nomially solvable for arrays of two-element sets. To see this, take for each set Aij a 
Boolean variable vij indicating which of the two elements is chosen. Then the problem 
becomes equivalent to satisfiability of a certain conjunction of two-variable lementary 
disjunctions; an instance of the problem 2-SAT which is polynomially solvable. 
Remark 2. It would be interesting to know whether the problem ADR remains 
NP-complete if we impose the restriction that each element occurs either in a sin- 
gle row of the array, or in a single column. 
Remark 3. After the note had been submitted for publication, I learned about the paper 
[2] in which a reformulation of the problem ADR is considered. NP-completeness of
ADR is proved there by an argument similar to ours but more complicated; and with 
a different set of restrictions. In our terms, the main theorem of [2] states that ADR is 
NP-complete ven when n = 2, IAol ~<3, and the total number of different letters used 
is equal to m, the number of columns. 
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